Abstract: In terms of the quantitative causal principle, 3 this paper obtains a new general variational principle, presents the unified expressions of the new general, Hamilton, Voss, Hölder, Maupertuis-Lagrange variational principles of integral style, and finds the intrinsic relations among the different integral variational principles, it is proved that, under the condition of Eq.(7), f 0 = 0 is just the result satisfying the quantitative causal principle, the intrinsic relations among the invariant quantities and among the Noether conservation charges of the all integral and differential variational principles are found.
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DA − CA = 0 (1) in which A is a action, C is identity and D is group operator of infinitesimal continuous transformations. Real physical process should be that the whole system with group D symmetry satisfies the quantitative causal principle, that is, the action A takes limit value under the transformation of group D
where the general infinitesimal transformations are 
Not losing generality, let us define
where f is a smooth function. Substituting Eq.(4) into Eq. (2) , it follows that
Making Eq.(5) in order, we have
{f (q,
Since Eq.(4) is a limit process, not losing generality, neglecting two-order infinitesimal quantity, it follows that
where ε σ ( σ = 1, 2, · · · , m) are linearly independent infinitesimal parameters of Lie group D. Substituting Eq. (7) into Eq.(6), neglecting two order infinitesimal quantity, then Eq.(6) is simplified as
in which g = ε σ g σ , σ = 1, 2, · · · , m. For the third term in Eq.(8) taking the endpoint condition as zero, because f 0 (q, . q , t) does not contain one order infinitesimal quantity, and using △A = 0 and the arbitration of one order infinitesimal quantity δq i , we obtain f 0 = 0, Eq.(8) is thus simplified as
In the past, f 0 = 0 is well known widely to be the result keeping EulerLagrange Equation invariant, now it is seen that under the condition of Eq.(7), f 0 = 0 is not the result that maintains Euler-Lagrange equation invariant, which is just the result satisfying the quantitative causal principle. This is the new result that has not been obtained in the past.
Using Eq.(9) may give the unified expressions and the intrinsic relations of all variational principles of integral style.
In terms of the requirement that integrating the second term in Eq.(9) vanishes, it follows that the conditions of the new general variational principle are: for the fixed t 1 and t 2 , δq i | t=t1 = δq i | t=t2 = 0 , △t| t=t1 = △t| t=t2 = 0 and g(t 1 ) = g(t 2 ), and using arbitration of δq i , we obtain Euler-Lagrange Equation
When taking equal time △t = 0 in Eq.(9), we obtain Hamilton variational principle
Using the requirement that integrating the first term in Eq.(11) is zero, it follows that the conditions of Hamilton variational principle are: for the fixed t 1 and t 2 , δq i | t=t1 = δq i | t=t2 = 0 and g(t 1 ) = g(t 2 ), and looking from E q space, which is fixed endpoint variational. Using arbitration of δq i ,we get Euler-Lagrange Equation (10).
Due to
Eq.(9) can be rewritten as
Because the requirement that integrating the second term in Eq. (13) vanishes, we obtain that the conditions of Voss variational principle are: unequal time variational,
) construct virtual variational of the system, we similarly get the Euler-Lagrange Equation (10) from Eq.(13).
When inserting Eq.(12) into Eq.(9), and using
and the relation
we further make Eq.(9) in order, it follows that
Using the demand that keeps Eq.(16)'s right hand side no-loss-no-gain to equate zero, we obtain that the conditions of Hölder variational principle are: unequal time variational, △t may be not to equate to zero and
When the system satisfies the Euler-Lagrange Eq.(10), we get the simplified expression of Eq.(16) of Hölder variational principle as follows
It is seen that Hölder variational principle is originated from Eq.(9) satisfying the quantitative causal principle yet, looking in E q space, the variational is the variational of variant endpoint along time t axis.
When taking equal time variational in Eq. (17), it is simplified as Hamilton variational principle q ), one has ∂L/∂t = 0. When there exists motion trajectory integration
it follows from Eq.(19) that It is seen from the studies of this part that the unified expressions of the all variational principles of integral style are shown by means of the quantitative causal principle, and the other high order principles etc can be analogously discussed. Now we discuss their conservation quantities about the above principles. Taking endpoint condition (· · ·)(t 1 ) = (· · ·)(t 2 ) in Eq.(9), when using arbitrations of t 1 , t 2 and t in given [t 01 ,t 02 ] and δq i , we obtain Euler-Lagrange Eq.(10) and the following general conservation quantity of the general variational principle
Analogous to the discussions of Eq.(22), the conservation quantity of the Voss variational principle may be obtained. On the other hand, because Eq. (22) is the general conservation quantity, the conservation quantity of the Voss variational principle can also be achieved by substituting δq i = △ p q i − . q i △t into the general conservation expression (22) as follows
The general integral conservation quantity Eq. (22) is compared with the differential conservation quantity
g is the more part than the differential style's. When taking equal time variational in the general conservation expression (22), we obtain conservation quantity of Hamilton variational principle
In the similar reason, it follows from Eq.(16) that the conservation quantity of Hölder variational principle
Since the expression (21) of Maupertuis-Lagrange variational principle is just the result of Hölder variational principle under the constraint conditions (19) and ∂L/∂t = 0, thus the corresponding conservation quantity is still Eq.(26).
Substituting L = 2T − const. into Eq.(26) we further deduces the conservation quantity of Maupertuis-Lagrange variational principle as follows
Now we use the conservation quantities above to find the corresponding Noether conservation charges of the systems with invariant properties of Lie group D m . Let's consider the infinitesimal transformations of the spacetime coordinates by Lie group D m as follows
where α σ (σ = 1, 2, · · · , m) are m linearly independent infinitesimal continuous transformation parameters of Lie group D m , τ σ and (ξ σ i ) (r) are the infinitesimal generated functions as follows
in which ε σ (σ = 1, 2, · · · , m) are infinitesimal parameters corresponding to α σ . Using Eqs. (7), (12), (22), (28-31) and ε σ 's arbitration, we obtain the Noether conservation charges of the general variational principles as follows
Using Eqs. (7), (12), (23), (28-31) and ε σ 's arbitration, we get the Noether conservation charges of the Voss variational principles is still Eq.(23) but substituting (ξ Using Eqs. (7), (12), (25), (28-31) and ε σ 's arbitration or in the general Eq.(32) let ∆t = τ σ = 0, we obtain the Noether conservation charges of the Hamilton variational principle
Using Eqs. (26), (29), (31) and ε σ 's arbitration or in the general Eq.(32) let g = 0 and ∆t = τ σ = 0, we obtain the Noether conservation charges of the Hölder variational principle as follows
Using Eqs.(27), (29), (31) and ε σ 's arbitration or in the general Eq.(34) let L = 2T −const. , we obtain the Noether conservation charges of the MaupertuisLagrange variational principle as follows
we thus get the conclusion that the Noether conservation charges of the general variational principles are general, the Noether conservation charges of the other variational principles are the special example of the general variational principle's under different conditions.
It can be seen from the above studies that all variational principles of integral style deduce the same Euler-Lagrange Eq.(10), and there may be the different conservation quantities of the different systems, The former characterizes that physical laws don't depend on different conditions, the latter characterizes that physical manifestations of systems may be many kinds of variations, because the invariant quantities are relative to the physical observable quantities. Since the quantitative causal principle is more general, its uses to high order Lagrange and field theory will be written in the other papers.
In summary, in terms of the mathematical expression of the quantitative causal principle derived from the no-loss-no-gain principle, this paper gives a new general variational principle, shows the unified expressions of the new general, Hamilton, Voss, Hölder, Maupertuis-Lagrange variational principles of integral style, finds the intrinsic relations among the different integral variational principles, it is shown that under the condition of Eq.(7), f 0 = 0 is not the result that maintains Euler-Lagrange equation invariant, which is just the result satisfying the quantitative causal principle, this is new result that has not been obtained in the past, and finds the intrinsic relations among the invariant quantities of the all integral and differential variational principles, and the intrinsic relations among the Noether conservation charges of the all integral and differential variational principles are found. In fact, the above discussions and Ref.
3 make the expressions of the past scrappy numerous variational principles be unified into the relative consistent system of the all variational principles in terms of the quantitative causal principle, which is essential for researching the intrinsic relations among the past scrappy numerous variational principles and their Noether theorems and for further making their logic simplification and clearness.
